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Symmetric teleparallel gravity (STG) offers an interesting third geometric interpretation of grav-
itation besides its formulation in terms of a spacetime metric and Levi-Civita connection or its
teleparallel formulation. It describes gravity through a connection which is not metric compatible,
however is torsion and curvature free. We investigate the propagation velocity of the gravitational
waves around Minkowski spacetime and their potential polarizations in a general class of STG
theories, the so-called “newer general relativity” class. It is defined in terms of the most general
Lagrangian that is quadratic in the nonmetricity tensor, does not contain its derivatives and is
determined by five free parameters. In our work we employ the principal symbol method and the
Newman-Penrose formalism, to find that all waves propagate with the speed of light, i.e., on the
Minkowski spacetime light cone, and to classify the theories according to the number of polarizations
of the waves depending on the choice of the parameters in the Lagrangian. In particular it turns
out that there exist more theories than just the reformulation of general relativity which allow only
for two polarization modes. We also present a visualization of the parameter space of the theory to
better understand the structure of the model.
I. INTRODUCTION
The observation of gravitational waves (GWs) has opened the possibility of a new window on strong field physics [1]
that is not accessible by electromagnetic observations alone. While GW observations have continued to be confirmed,
the first three-detector observation holds important significance in that such measurements allow for signal localization
and, more to the purpose of this work, constraints on the six potential polarization modes of metric theories of
gravity [2]. Moreover there has been the first multi messenger observations [3] which constrain the difference of
the propagation velocity between GW and electromagnetic waves in vacuum, which is different from zero in various
modified theories of gravity [4–10]. Thus GW observations offer the possibility for strong constraints on theories
predicting extra modes and a propagation velocity different from the speed of light, and so may be the route to
reducing the landscape of potential gravitational theories consistent with observation [11].
Viewed through the prism of the connection, metric theories of gravity can be classified into three broad classes of
theories. The ones which use the Levi-Civita connection of the metric and its curvature, the ones which use the tetrads
of a metric and their curvature free, metric-compatible, Weitzenböck connection with torsion and the ones which use
a curvature and torsion free symmetric teleparallel connection that is not metric compatible. This classification nicely
highlights the sometimes overlooked point that curvature is a property of the connection and not of the metric tensor
or the manifold [12]. It becomes a property of the metric only through the use of the Levi-Civita connection. For
the description of gravity it is remarkable that general relativity (GR) and the Einstein equations can be equivalently
formulated in terms of either of the connections just mentioned [13, 14], i.e. all three connections can be used to
define Lagrangians whose Euler-Lagrange equations coincide with the Einstein equations for a particular choice of
contributing terms.
Historically most used for the construction of GR and extended theories of gravity [15] is the Levi-Civita connection,
resulting mainly in f(R), f(R,G) and similar theories. However, the use of torsion and nonmetricity allow for another
kind of generalization [16]. In particular, the irreducible contributions of the Lagrangian of these two theories can be
elevated to arbitrary coupling coefficients with a limit to their GR equivalent for a particular numerical choice. These
two avenues of generalization are important because they may provide constraints on these novel and not extensively
studied generalizations which may lead to a better understanding of the unique coincidence that GR appears to
represent. Moreover, by altering the connection a new landscape of gravitational theories can be studied which differ
from each other at a fundamental level in the classical regime [17].
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2GWs offer the possibility of a model independent test of the polarization modes a theory exhibits [18, 19]. In
principle, this provides a strict test of which theories are realistic in the strong field regime. Thus far, the topic has
not been studied as well for STG theories, as for torsion based (or teleparallel) gravity theories. In teleparallel gravity
[20, 21], the propagation of GW modes has been shown to have a varied nature depending on the particular form
the theory takes. This was first studied in Ref.[22] where it was found that the straightforward generalizations of the
teleparallel equivalent of GR (TEGR), namely f(T ) theories, exhibit the same polarization structure as that of GR
and thus is indistinguishable at the level of GW modes. The work then was further confirmed and expanded upon
to encompass scalar fields and a generalized form of f(R) gravity [23], the speed of the GWs and the effect of the
three-detector observation was then studied in Ref.[24], which then culminated in the explicit expression of the modes
in these extended teleparallel theories in Ref.[25]. In Ref.[26, 27], the general scenario of decomposed Lagrangians
of both the torsional and nonmetricity situations is considered with clear groundwork for further analysis in either
theory. Another approach to the propagator of generalized symmetric teleparallel gravity theories including higher
derivative orders and making use of the Barnes-Rivers formalism can be found in Ref.[28].
In the present study, we investigate the GW polarization modes of the massless contribution in the general form of
the STG setting. As in the teleparallel setting, since the Lagrangian can be divided into irreducible contributors, it is
interesting to understand the GW mode structure that this seemingly arbitrary landscape provides [14, 16]. We then
represent the resulting parameter space of this theory in a novel way, since the model has a lot of potential avenues
to it.
The paper is organized as follows. In Sec. II we briefly introduce the key components of the model we are considering
and form the linearized field equations. This is crucial to understanding the relevant contributions to the GW modes.
In Fourier space, the field equations are then decomposed and the speed of GWs in STG is determine in Sec. III
to determine the polarization states the Newman-Penrose formalism is considered in Sec. IV where these states are
depicted. Lastly, we close with a discussion in Sec. V.
II. LINEARIZED GENERAL SYMMETRIC TELEPARALLEL GRAVITY THEORIES
Before we derive the speed and polarization of gravitational waves in symmetric teleparallel gravity, we need to
derive its linearized field equations. This is done in two parts. In section IIA we briefly review the underlying
spacetime geometry and its gauge aspects. We turn our focus to the dynamics of the theory in section II B, where we
review the action and field equations, which we then linearize after gauge fixing.
A. Geometry with nonmetricity
We start with a brief review of the underlying geometry involving nonmetricity, which we use in this article. The
fundamental fields defining the geometry are a Lorentzian metric gµν and an affine connection Γµνρ. The connection
is chosen to have vanishing curvature,
Rµνρσ = ∂ρΓ
µ
νσ − ∂σΓµνρ + ΓµωρΓωνσ − ΓµωσΓωνρ ≡ 0, (1)
and vanishing torsion
Tµρσ = Γ
µ
σρ − Γµρσ ≡ 0 . (2)
It does, however, possess in general non-vanishing nonmetricity,
Qαµν = ∇αgµν . (3)
Indices are raised and lowered using the metric gµν . Note that due to the presence of nonmetricity this implies
Qα
µν = gµρgνσQαρσ = −∇αgµν . (4)
The nonmetricity is obviously symmetric in its second and third index, Qαµν = Qανµ, which allows the definition of
two different traces,
Qα = g
µνQαµν , Q˜α = g
µνQµνα . (5)
From the assumptions (1) and (2), it further follows that it is always possible to find coordinates such that
Γαµν ≡ 0, (6)
3not only at a single point, but in an open neighborhood. This particular choice of coordinates is known as the
coincident gauge [16], and will be used throughout this work. Note that this uniquely determines the coordinate
system (xµ) we use, up to linear transformations of the form
xµ 7→ xµ + ξµ(x) = xµ + ξµ(x0) + (xν − xν0) ∂νξµ|x=x0 , (7)
so that ∂µ∂νξα ≡ 0. It follows that we have no further gauge freedom left to impose conditions on the metric degrees
of freedom, except at a single point, as it is conventionally the case, e.g., in general relativity. In the coincident gauge
covariant derivatives are replaced by partial derivatives, so that the nonmetricity reads
Qαµν = ∂αgµν . (8)
We will make use of this formula in the following, when we derive the linearized field equations.
B. Action and field equations
The starting point for the derivation of the linearized field equations is the “newer general relativity” action [14, 16,
29], which can be written in the form
S = Sg[gµν ,Γ
α
µν ] + Sm[gµν , χ
I ] , Sg = −
∫
M
√−g
2
Qd4x . (9)
We assume that the matter part Sm of the action does not depend on the affine connection Γαµν , but only on
the metric gµν and a set of matter fields χI . The gravitational part Sg of the action is expressed in terms of the
nonmetricity scalar Q, and is most conveniently defined via the nonmetricity conjugate
Pαµν = c1Q
α
µν + c2Q(µ
α
ν) + c3Q
αgµν + c4δ
α
(µQ˜ν) +
c5
2
(
Q˜αgµν + δ
α
(µQν)
)
, (10)
as
Q = QαµνPαµν . (11)
This is the most general Lagrangian which is quadratic in the nonmetricity, unless one introduces also derivatives [28].
Choosing the parameters c1 = − 14 , c2 = 12 , c3 = 14 , c4 = 0 and c5 = − 12 one obtains the nonmetricity formulation of
general relativity [14, 30], which is usually called symmetric teleparallel equivalent of general relativity (STEGR). By
variation of the total action with respect to the metric, one obtains the field equations
2√−g∇α(
√−gPαµν) + PµσρQνσρ − 2QρµσP ρνσ − 1
2
Qgµν = Tµν , (12)
where the energy-momentum tensor Tµν is derived from the matter action Sm. Variation with respect to the connection
yields the field equations
∇µ∇ν
(√−gPµνα) = 0 , (13)
which can alternatively be obtained from the diffeomorphism invariance of the gravitational action, giving an equivalent
of the Bianchi identities, and the matter action, giving the matter energy-momentum conservation. This shows
that the field equations (12) and (13) are not independent, and reflects the presence of the gauge symmetry under
diffeomorphisms. Hence, we may restrict ourselves to solving the metric field equations (12).
In order to linearize the metric field equations, we now adopt the coincident gauge Γαµν ≡ 0 and consider a small
perturbation around a Minkowski background metric,
gµν = ηµν + hµν . (14)
The nonmetricity tensor thus takes the form
Qαµν = ∂αhµν . (15)
Further, we restrict ourselves to the vacuum field equations, so that Tµν ≡ 0. Up to the linear order in the metric
perturbations hµν , the metric field equations (12) then reduce to
0 = 2c1hµν + (c2 + c4)ηασ (∂α∂µhσν + ∂α∂νhσµ) + 2c3ηµνητωhτω + c5ηµνηωγηασ∂α∂ωhσγ + c5ηωσ∂µ∂νhωσ . (16)
Note that up to higher order terms, indices are now raised and lowered by the Minkowski metric ηµν . This in particular
applies to the d’Alembert operator  = ηµν∂µ∂ν . In the following, we will use the linearized equations (16) in order
to derive properties of gravitational wave propagation.
4III. PRINCIPAL POLYNOMIAL AND SPEED OF PROPAGATION
To determine the propagation speed of gravitational waves in nonmetricity theories of gravity we study the field
equations in Fourier space. A necessary condition solutions of the field equations have to satisfy is, that the so called
principal polynomial of the equations, as function of the wave covectors, has to vanish [31, 32].
The field equations in Fourier space are
0 = Eˆµν =
(
2c1η
−1(k, k)δλµδ
ρ
ν + (c2 + c4)k
λ(kµδ
ρ
ν + kνδ
ρ
µ) + 2c3ηµνη
−1(k, k)ηλρ + c5(ηµνkλkρ + ηλρkµkν)
)
hˆλρ . (17)
The principal polynomial of the equation is the determinant of the highest power in k term. To calculate this
determinant we decompose the equations with help of the following decomposition
hˆλρ = Sλρ + 2k(λVρ) +
1
3
(ηλρ − kλkρη−1(k,k) )T + (kλkρ − 14ηλρη−1(k, k))U , (18)
where the divergence free symmetric traceless part Sµν and the divergence free vector Vµ satisfy
ηλρSλρ = 0, k
λSλρ = 0, k
ρVρ = 0 . (19)
The remaining scalars are the trace T = hˆµνηµν and the weighted double divergence U = 43
hµνk
µkν
η−1(k,k)2 . Inserting this
decomposition into the field equations yields
0 = Eˆµν = 2c1η
−1(k, k)Sµν + (2c1 + c2 + c4)η−1(k, k)2k(µVν) +
(
2
3 (c1 + 3c3)η
−1(k, k)ηµν + (c5 − 23c1)kµkν
)
T
+
(
3
4 (c5 − 23c1)η−1(k, k)2ηµν + 12 (4c1 + 3c2 + 3c4)η−1(k, k)kµkν
)
U (20)
To further analyse them we consider their contractions with k, their trace and their symmetric traceless part
0 = Eˆµνk
µkν = (2c3 + c5)η
−1(k, k)2T + ( 34c5 +
3
2 (c1 + c2 + c4))η
−1(k, k)3U , (21)
0 = Eˆµµ = (2c1 + 8c3 + c5)η
−1(k, k)T + (3c5 + 32 (c2 + c4))η
−1(k, k)2U , (22)
0 = Eˆµνk
µ − kνη−1(k,k)Eρσkρkσ = (2c1 + c2 + c4)η−1(k, k)2Vν , (23)
0 = Eˆµν − 13
(
ηµν − kµkµη−1(k,k)
)
Eˆσσ +
1
3
(
ηµν − 4 kµkνη−1(k,k)
) Eˆρσkρkσ
η−1(k,k) = 2c1η
−1(k, k)Sµν . (24)
To obtain the principal polynomial we can represent the decomposed equations as nearly diagonal matrix
η−1(k, k)

(2c3 + c5)η
−1(k, k) ( 34c5 +
3
2 (c1 + c2 + c4))η
−1(k, k)2 0 0
(2c1 + 8c3 + c5) (3c5 +
3
2 (c2 + c4))η
−1(k, k) 0 0
0 0 (2c1 + c2 + c4)η
−1(k, k) 0
0 0 0 2c1

 TUVν
Sµν
 =
 000
0
 ,
(25)
and calculate its determinant
P (k) = (3× 23)c51(2c1 + c2 + c4)3(3c25 − 4c21 − 12c3(c2 + c4)− 4c1(c2 + c4 + c5 + 4c3))η−1(k, k)15 . (26)
The necessary and non-trivial condition, solutions of the field equations have to satisfy, is, that their wave covectors
k are such that P (k) = 0. From the above equation (26) we find that this implies η−1(k, k) = 0 must be satisfied, i.e.
all modes propagate on the null cone of the Minkowski metric, or in other words, with the vacuum speed of light.
IV. NEWMAN-PENROSE FORMALISM AND POLARIZATIONS
We now focus on the polarization of gravitational waves. As we have seen in the previous section, gravitational
waves in quadratic symmetric teleparallel gravity are described by Minkowski null waves, independently of the choice
of the parameters c1, . . . , c5. This allows us to make use of the well-known Newman-Penrose formalism [33] in order to
decompose the linearized field equations into components, which directly correspond to particular polarizations. We
then employ the classification scheme detailed in [18, 19], which characterizes the allowed polarizations of gravitational
5waves in a given gravity theory by a representation of the little group, which is the two-dimensional Euclidean group
E(2) in case of null waves. In this section we determine the E(2) class of quadratic symmetric teleparallel gravity for
all possible values of the parameters c1, . . . , c5.
The main ingredient of the Newman-Penrose formalism is the choice of a particular complex double null basis of
the tangent space. In the following, we will use the notation of [34] and denote the basis vectors by lµ, nµ,mµ, m¯µ.
In terms of the canonical basis vectors of the Cartesian coordinate system they are defined as
l = ∂0 + ∂3 , n =
1
2
(∂0 − ∂3) , m = 1√
2
(∂1 + i∂2) , m¯ =
1√
2
(∂1 − i∂2) . (27)
We now consider a plane wave propagating in the positive x3 direction, which corresponds to a single Fourier mode.
The wave covector then takes the form kµ = −ωlµ and the metric perturbations can be written as
hµν = Hµνe
iωu , (28)
where we introduced the retarded time u = x0 − x3 and the wave amplitudes are denoted Hµν .
It follows from our choice of the matter coupling that test particles follow the geodesics of the metric, and hence the
autoparallel curves of the Levi-Civita connection. The effect of a gravitational wave on an ensemble of test particles,
or any other type of gravitational wave detector, therefore depends only on the Riemann tensor derived from the
Levi-Civita connection. As shown in [19], the Riemann tensor of a plane wave is determined completely by the six
so-called electric components. For the wave (28), these can be written as
Ψ2 = −1
6
Rnlnl =
1
12
h¨ll , Ψ3 = −1
2
Rnlnm¯ = −1
2
Rnlnm =
1
4
h¨lm¯ =
1
4
h¨lm ,
Ψ4 = −Rnm¯nm¯ = −Rnmnm = 1
2
h¨m¯m¯ =
1
2
h¨mm , Φ22 = −Rnmnm¯ = 1
2
h¨mm¯ , (29)
where dots denote derivatives with respect to u. We now examine which of the components (29) may occur for
gravitational waves satisfying the linearized field equations (16).
Inserting the wave ansatz (28) and writing the gravitational field strength tensor Eµν in the Newman-Penrose basis,
we find that the five component equations
0 = Ell = Elm = Elm¯ = Emm = Em¯m¯ , (30)
are satisfied identically, while the remaining five component equations take the form
0 = Enn = 2c5h¨mm¯ − 2(c2 + c4 + c5)h¨ln , (31a)
0 = Enm = −(c2 + c4)h¨lm , (31b)
0 = Enm¯ = −(c2 + c4)h¨lm¯ , (31c)
0 = Emm¯ = c5h¨ll , (31d)
0 = Eln = −(c2 + c4)h¨ll . (31e)
Note in particular that the parameters c1 and c3 do not appear in these equations, since the corresponding terms in
the linearized field equations (16) vanish identically for the null wave (28). Hence, the allowed polarizations depend
only on the remaining parameters c2, c4, c5. We now distinguish the following cases, which are also visualized in the
diagram in figure 1 which we explain later in this section:
• c2 + c4 = c5 = 0: In this case equations (31d) and (31e) are satisfied identically for arbitrary amplitudes Hll.
For waves of this type the corresponding component Rnlnl = −6Ψ2 of the Riemann tensor, which describes a
longitudinally polarized wave mode, is allowed to be nonzero. Following the classification detailed in [19], they
belong to the E(2) class II6 with six polarizations. This case corresponds to the two blue points in figure 1,
which is actually a line in the three-dimensional parameter space, and hence a single point in the projected
parameter space shown in the diagram, which happens to lie on the cut c5 = 0 and hence appears twice on the
circular perimeter.
• c2 + c4 = 0 and c5 6= 0: It follows from the second condition that equation (31d) prohibits a non-vanishing
amplitude Hll. Hence, there is no longitudinal mode Ψ2. Equations (31b) and (31c) are satisfied identically for
arbitrary amplitudes Hlm and Hlm¯. It then follows that Rnlnm¯ = −2Ψ3, whose complex components describe
two vector polarizations, is allowed to be nonzero. Waves of this type belong to the E(2) class III5, and there
are five polarizations. This case is represented by the green line in figure 1.
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FIG. 1. (Color online.) Visualization of the parameter space. Blue Points: c2 + c4 = c5 = 0, class II6, 6 polarizations; green
line: c2 + c4 = 0, c5 6= 0, class III5, 5 polarizations; white area: c2 + c4 6= 0, c2 + c4 + c5 6= 0, class N3, 3 polarizations; red line:
c2 + c4 + c5 = 0, c5 6= 0, class N2, 2 polarizations.
• c2 + c4 6= 0 and c2 + c4 + c5 6= 0: In this case it follows from equations (31b), (31c) and (31e) that Hll, Hlm
and Hlm¯ must vanish. Hence, the longitudinal mode Ψ2 and vector modes Ψ3 are prohibited. The remaining
linearized field equation which allows for non-vanishing solutions is equation (31a). In particular, it allows for a
non-vanishing amplitude Hmm¯, and hence a non-vanishing component Rnmnm¯ = −Φ22 of the Riemann tensor.
The corresponding scalar wave mode is called the breathing mode. This wave has the E(2) class N3, exhibiting
three polarizations. Almost all points of the parameter space, shown in white in figure 1, belong to this class.
• c2 + c4 + c5 = 0 and c5 6= 0: The linearized field equations (31) in the Newman-Penrose basis now yield the
conditions Hll = Hlm = Hlm¯ = Hmm¯ = 0. It thus follows that the longitudinal mode Ψ2, the vector modes
Ψ3 and also the breathing mode Φ22 must vanish. The only unrestricted electric components of the Riemann
tensor are therefore Rnmnm = −Ψ¯4 and its complex conjugate, corresponding to two tensor modes. The E(2)
class of this wave is N2, so that there are two polarizations. This case is shown as a red line in figure 1. Note
in particular that STEGR, marked as a red point, belongs to this class, as one would expect.
We have visualized the aforementioned cases in figure 1, which we constructed as follows. We first made the
assumption that at least one of the parameters c2, c4, c5 is non-vanishing and introduced normalized parameters
c˜i =
ci√
c22 + c
2
4 + c
2
5
(32)
for i = 2, 4, 5. One easily checks that the E(2) classes we found only depend on these normalized parameters, except
for the case c2 = c4 = c5 = 0 belonging to class II6. We then introduced polar coordinates (θ, φ) on the unit sphere
to express the parameters as
c˜2 = sin θ cosφ , c˜4 = sin θ sinφ , c˜5 = cos θ . (33)
Since the E(2) class is the same for antipodal points on the parameter sphere, we restrict ourselves to the hemisphere
c˜5 ≥ 0, and hence 0 ≤ θ ≤ pi2 ; this is equivalent to identifying antipodal points on the sphere and working with the
7projective sphere instead, provided that we also identify antipodal points on the equator c˜5 = 0. We then considered
(θ, φ) as polar coordinates on the plane in order to draw the diagram shown in figure 1. Note that antipodal points on
the perimeter, such as the two blue points, are identified with each other, since they describe the same class of theories;
in fact, these blue points correspond to a straight line passing through and including the origin c2 = c4 = c5 = 0.
This concludes our discussion of gravitational wave polarizations. We have seen that the parameters c1, c3 have no
influence on the allowed polarizations, while depending on the parameters c2, c4, c5 we obtain the E2 class II6, III5,
N3 or N2, with N3 filling most of the parameter space. We have also seen that there exists a four parameter family
of theories besides STEGR which is of class N2 and thus exhibits the same two tensor modes as in general relativity.
Theories in this class therefore cannot be distinguished from general relativity by observing the polarizations of
gravitational waves alone.
V. CONCLUSION
We studied the propagation of gravitational waves in the most general class of symmetric teleparallel gravity theo-
ries whose action is quadratic in the nonmetricity tensor. The wave we considered is modeled as a linear perturbation
of a Minkowski background metric in the coincident gauge, in which the coefficients of the flat, symmetric connection
vanish. We derived the principal polynomial of the linearized field equations and found that gravitational waves
propagate at the speed of light, i.e., their wave covector must be given by a null covector of the Minkowski spacetime
background. Further, we made use of the Newman-Penrose formalism to derive the possible polarizations of gravi-
tational waves. Our results show that the two tensor polarizations, which are present also in general relativity, are
allowed for the whole class of theories we considered, while additional modes - two vector modes and up to two scalar
modes - may be present for particular models within this class. We found that the symmetric teleparallel equivalent
of general relativity is not the unique theory exhibiting exactly two polarizations, but there is a four parameter family
of theories with the same property. It thus follows that observations of gravitational wave polarizations may only give
partial results on the parameter space of these theories.
We remark that although we restricted our analysis to theories whose action is quadratic in the nonmetricity
tensor, our results are valid for a significantly larger class of theories. This is due to the fact that the nonmetricity
is linear in the metric perturbations, so that the action is already quadratic in the perturbations. Hence, any higher
order correction terms would have no influence on the linearized field equations. This is shown, e.g., in [26] for the
polarizations of gravitational waves in a more general class of theories, whose Lagrangian is defined by a free function
of the five scalar terms quadratic in nonmetricity considered in this article.
Another possible class of extensions is to consider additional fields non-minimally coupled to nonmetricity and to
study their influence both on the speed and the polarization of gravitational waves. A canonical example is given
by scalar-nonmetricity theories [17, 35] constructed from the STEGR nonmetricity scalar and an additional scalar
field, where one would expect the presence of an additional scalar mode compared to general relativity as it is also
the case for scalar-curvature gravity. These theories can be extended further by replacing the STEGR nonmetricity
scalar with the general quadratic nonmetricity scalar which defined the Lagrangian considered in this article.
Finally, another interesting extension of our work would be to study gravitational waves as a perturbation to a
Friedmann-Lemaitre-Robertson-Walker metric. One may expect that in this case also nonmetricity terms of higher
then quadratic order in the Lagrangian would affect the result, as they would lead to modifications of the background
dynamics. This modified expansion history might thus also leave an imprint on the observed gravitational waves
propagating in a cosmological background.
In conclusion, the formulation of theories of gravity in the symmetric teleparallel/nonmetricity language allows
for promising extensions of GR which are consistent with the basic gravitational wave observations. An analysis of
further observables in this particular class of theories, like the calculation of PPN parameters, rotational curves of
galaxies and the cosmological expansion of the universe, will explore their viability further in the future.
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